We propose a method of encoding a topologically-protected qubit using Majorana fermions in a trapped-ion chain. This qubit is protected against major sources of decoherence, while local operations and measurements can be easily realized. Furthermore, we show that an efficient quantum interface and memory for arbitrary multiqubit photonic states can be built, encoding them into a set of entangled Majorana-fermion (MF) qubits inside cavities.
this system can be realized in a trapped-ion chain with current technology, and a Majorana-fermion (MF) qubit can be encoded. This qubit will be topologically protected against major sources of decoherence for longer times, constituting an efficient quantum memory. The proposed implementation, already valid for 3 ions, allows for the straightforward realization of local operations on the MF qubit and for an efficient readout of its state. Moreover, our proposal could allow for the first experimental creation and test of Majorana fermions, and the study of this exotic phase of matter. We also show that a quantum interface between highly entangled incoming photonic states and MF qubits can be implemented by grouping many of these basic units. To this end, we suggest the use of an array of ion chains inside a set of cavities as a possible experimental realization.
We begin by considering the Kitaev Hamiltonian [3] made up of N spinless fermionic sites,
[−w(a spanned by the occupancy subspace with respect to this nonlocal fermion, and is separated by a gap 2w from the excitation of the system. The ground state is two-fold degenerate, and is spanned by the states |Ψ 0 and |Ψ 1 defined byã i |Ψ 0,1 = 0, ∀i = 1, 2, ..., N −1 and a M |Ψ 0 = 0, |Ψ 1 = a † M |Ψ 0 . It was proved [3] that these states survive in the regime |µ| < 2w. Under this regime one has a nontrivial value for the topological invariant Z 2 , that labels the two different topological phases of the system.
Trapped ion implementation.-In order to implement Kitaev model in an ion string, we take into account that Hamiltonian (1), for the parameter regime φ = 0, which does not reduce the generality of the model, and |∆| = w > 0, can be mapped onto the transverse field Ising model by using a Jordan-Wigner transformation [29, 30] ,
where J = w is the exchange coupling and h z = −µ/2 is a transverse magnetic field. The mapping of the Majorana fermions into the spins is c 2j =
The definition of a M ,ã i , and |Ψ 0,1 previously defined change accordingly. The two ground states |Ψ 0,1 of H s in Eq. (3) consequently span a subspace that is protected from higher-level excitations by the energy gap 2w = 2J.
Hamiltonian (3) can be implemented with standard trapped-ion technology [10] . We consider a 1D string of N two-level ions coupled through the joint motional modes by means of external lasers. One possibility is to apply Raman lasers for the spin-spin interaction and for the magnetic field at the same time [13, 14, 31] . By locally addressing each ion with different Raman beatnotes, in a multiple Mølmer-Sørensen configuration, one can achieve the
interaction with open boundary conditions in Eq. (3), while a single laser can implement the j σ z j part [31] . An alternative possibility is to apply a Trotter decomposition, alternating between the different interactions [17, 18] .
Here we are interested in the pure Majorana regime in which J |h z |. The aim is to achieve this regime in the always-on interaction, such that the degenerate ground state of Hamiltonian (3) encodes the topologically protected subspace. This degenerate ground state is composed of two Greenberger-Horne-Zeilinger (GHZ)-like states [32] , that are highly entangled, e.g., for odd N , |Ψ 0 = (| ←← ... ← − | →→ ... → )/ √ 2, and
while for even N the relative signs of the two terms in both |Ψ 0 and |Ψ 1 are interchanged. These states have different parity P = − i σ z i , P |Ψ 0,1 = ±|Ψ 0,1 , which is a conserved quantity with respect to Hamiltonian (3). To obtain them, one may use standard quantum computation techniques [32] . Indeed, GHZ states of up to 14 qubits have been obtained experimentally with trapped ions.
On the other hand, they can also be easily achieved using an adiabatic evolution [33] one may apply an inhomogeneous Tavis-Cummings Hamiltonian [34] with appropriate couplings, engineered with an inhomogeneous red-sideband interaction upon the ions, using the centerof-mass mode (e.g., with displaced equilibrium positions in the trap by a tailored potential [35] ).
Quantum interface.-This adiabatic mapping may be most appropriate for transferring an arbitrary qubit state that comes into the system, e.g., a photonic qubit, to the MF qubit. One can begin with a photonic incoming state, α|0 + β|1 , where |0 , |1 are Fock states: by using a quantum interface with a cavity, state |0 can be mapped to |Ψ , by a collective excitation [36] . We point out that in order to get high fidelities in the coupling to the incoming photon, chains of around 20 ions at least should be employed [36] , though for the MF qubit itself, as we will show, 3 ions are in principle enough. Subsequently, the adiabatic transfer will produce the same qubit superposition α|Ψ 0 + β|Ψ 1 in the MF qubit. An extension could be considered with K copies of this system, with a highly-entangled incoming photonic state, c i1...i K |i 1 ...i K . Here each photonic qubit is mapped similarly to the corresponding MF qubit, giving c i1.
, an arbitrarily entangled state of nonlocal Majorana-fermion qubits. This could be used as an efficient quantum memory. In Fig. 1a we show a scheme of the proposed setup.
Local operations.-One can efficiently implement local operations upon the MF qubits with our setup. In general, these local operations upon these nonlocal MF qubits translate into nonlocal operations upon the physical qubits, i.e., the trapped ions. On the other hand, these nonlocal spin operations upon the N ions of the qubit can be efficiently implemented, as recently shown [26, 37] , in terms of a reduced number of global and local laser interactions. More generally, the complete set of local operations, i.e. Pauli matrices, upon the nonlocal MF qubit, σ the expressions
As can be appreciated, σ y,z MFQ are highly nonlocal operations upon the ions. Nervertheless, they can be implemented efficiently with a reduced number of lasers as recently shown [26, 37] . Thus, with our setup we have a fully controllable Majorana-fermion qubit.
Measurement.-Another main appeal of our proposal for encoding MF qubits in trapped ions is the ease of performing measurements on this system. A projective measurement upon the basis {|Ψ 0 , |Ψ 1 }, which is equivalent to detecting the parity operator P = − i σ z i , amounts to one local measurement of σ z operator per ion. This is the easiest detection performed in trapped ions and can be done, with standard resonance fluorescence, with fidelities larger than 0.99 [10] . Combined with the local operations exposed above, this allows one for the full tomographic reconstruction of the MF qubit.
Error and decoherence protection.-This implementation, as has been shown above, contains a degenerate ground state, {|Ψ 0 , |Ψ 1 } which is protected by a gap from higher-level excitations. Observation of this gapped topological system will be in itself interesting. A consequence of this is that local operations σ y,z i , which couple {|Ψ 0 , |Ψ 1 } with higher energy states, are topologically supressed. Thus, magnetic field fluctuations along these directions will not have an effect upon the system. On the other hand, local σ x i operations realize swap gates between the |Ψ 0 and |Ψ 1 states. In our trapped ion setup, random ambient magnetic fields along X direction will rotate fast in the interaction picture with respect to the trapped-ion qubit energy in which Eq. (3) is computed [31] , such that their contribution to decoherence will be negligible. In general this will also happen with the Y -direction ambient magnetic fields, such that these will be doubly protected: by the topological Hamiltonian and by the single-ion qubit energy. Feasibility of the implementation.-The qubit encoded in Kitaev wire model [3] is robust in the large N limit, for the parameter range |µ| < 2w. On the other hand, for finite N , the degree of imperfection in the protocol depends on how much the system deviates from the perfect parameter regime w = |∆|, µ = 0. Indeed, the appearing energy splitting Γ between |Ψ 0 and |Ψ 1 , which breaks the ground-state degeneracy and qubit coherence, is of the order of Γ ∝ exp(−N/n 0 ), where n −1 0 = min{| ln |x + ||, | ln |x − ||}, and x ± = (−µ ± µ 2 − 4w 2 + 4|∆| 2 )/[2(w + |∆|)]. We consider J ∼ 6 kHz for the 3 ion case. For realistic imperfections in the Rabi frequencies of the lasers of 1%, that induce the same order of imperfection in w = ∆ = J, and magnetic field fluctuations in µ = −2h z ∼ 2×10 −3 J, we have n 0 0.14. 1% site-dependent deviations |J − J i,i+1 |/J will slightly increase this value (see below), but even for reduced N , Γ will be negligible. This makes the implementation of the wire model and Majorana fermions in trapped ions a real possibility with current technology. We show below that considering a linear chain of just N = 3 ions, one may encode a topologically-protected qubit subspace with very low decoherence.
In order to test the feasibility of the implementation with realistic trapped-ion systems, we realized numerical simulations with different kinds of imperfections. With respect to the adiabatic protocol with H s in Eq. (3), we have computed the fidelity F = | Ψ 0 |ψ(t) | 2 for the evolved state |ψ(t) from |Ψ init 0 , making the evolution |h z |/J 1 → |h z |/J 1, for N = 3, see Fig. 1b . We considered the ideal case with no spurious h z final value and equal nearest-neighbor couplings J i,i+1 = J, and the diabatic error is of 10 −4 . Introducing realistic random 1% deviations of J i,i+1 from J due to laser-intensity fluctuations and 10 −3 J final fluctuations in h z due to local ambient magnetic fields did not modify appreciably the proto-col. We plot in Fig. 2 (a) the energy splitting Γ between |Ψ 0 and |Ψ 1 as a function of N , in units of J = 1, computed numerically for h z = 10 −3 J and random nearestneighbor couplings J i,i+1 with |J − J i,i+1 | < 0.01J. The scaling is exponential, as expected. For N = 3, we have Γ 1.6 × 10 −8 J, i.e., a negligible dephasing error. Thus, this topological encoding will in principle work already for 3 ions, which is feasible with current technology.
To show the subspace topological protection of the degenerate ground state {|Ψ 0 , |Ψ 1 } with respect to coupling to outer states, we plot in Fig. 2 (b) the survival probability | Ψ 0 |ψ(t) | 2 for the evolved state |ψ(t) from |Ψ 0 under the dynamics of Hamiltonian (3) (solid) or without it (dashed) with random fluctuations δh
. This is the kind of local operators that couple span{|Ψ 0 , |Ψ 1 } with outer states to the subspace. It is clearly appreciated that the survival probability inside the subspace is significantly increased upon evolution with (3). To estimate the order of magnitude of the protection, we consider slowly-varying, local, random magnetic fields along σ z i . We remark that this is the main fundamental decoherence source in most experimental trapped ion setups [38] , with coherence lifetimes of about 30 ms. We have that states |Ψ 0 , |Ψ 1 will couple to each other or to outer states only through higher-order processes in perturbation theory. The largest contribution to decoherence is at most of order ∼ δh 2 z /∆ g . Here δh z is the average local magnetic field perturbation, that we take, as in the numerical simulation, to be 10 −3 J, and ∆ g = 2J is the gap between the topological ground states |Ψ 0 , |Ψ 1 and the excited states. For this we have assumed that these spurious magnetic fields change in time much more slowly than the frequency of the gap. Accordingly, the effective Rabi frequency of the error is about 5 × 10 −4 δh z , i.e., several orders of magnitude reduced with respect to the case without topological protection [without evolution by (3) ], that is of order δh z . Considering that motional heating rates in trapped ions can be of a few phonons per second and spontaneous emission lifetimes of more than one second [38] , with this proposal one may improve coherence lifetimes by more than one order of magnitude with current technology.
Conclusions.-We showed that trapped-ion chains can implement a topologically protected qubit subspace by means of Majorana fermions. We proved that MF qubits, starting already with 3 ions, can outperform the usual ionic qubit coherence time by more than one order of magnitude, yielding an efficient quantum memory. Moreover, a quantum interface with photonic states could be implemented with longer chains, allowing us the realization of two-qubit gates among the MF qubits and quantum communication. Our proposal may also give rise to the unprecedented creation of Majorana fermions in a controllable quantum platform.
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